This paper investigates optimization of underlay multi-hop cognitive full-duplex relay (CogFDR) networks in independent non-identically distributed Rayleigh fading channels. First of all, analytical expressions for the outage probability experienced in the secondary network is formulated, taking into account (i) residual self-interference (RSI) arising due to full-duplex operation, (ii) inter-relay interference (IRI) arising due to frequency re-use, and (iii) interference generated by the primary transmitter on the secondary network. Optimal power allocation (OPA) that either minimizes the end-to-end outage probability or maximizes the end-to-end instantaneous rate is investigated with constraints on total available power in the secondary network and tolerable interference power at the primary receiver. The OPA vector for the outage minimization problem is obtained by solving an equivalent geometric programming problem (GPP) and that for the rate maximization problem is obtained by applying the rate balancing criterion for each hop. Extensive performance evaluations conducted with the help of Monte Carlo simulations show that transmit power optimization can improve the end-to-end rate and outage probability performance of multi-hop CogFDR network in comparison to equal power allocation on average (EPA).
Introduction
Cognitive radio (CR) networks improve the spectrum utilization efficiency by allowing secondary (unlicensed) users to make use of the primary (licensed) user spectrum without degrading the communication performance of the primary network [1, 2] . In general, a CR network can operate either in the overlay or in the underlay mode. In the former, the secondary users are allowed to access the spectrum occupied by the primary if the primary user is inactive. In the underlay mode, the secondary users can coexist with the primary user by sharing its frequency band, provided the interference caused by the secondary node transmissions on the primary network, lies within a predefined threshold value. However, this leads to serious constraints on maximum transmit power that the secondary nodes can choose for their operation. To improve the coverage and capacity performance of the secondary *Correspondence: poornima_p150001ec@nitc.ac.in Department of Electronics & Communication Engineering, National Institute of Technology Calicut, Calicut, India network, relay nodes can be deployed to assist the secondary transmitter (ST) in relaying information to the secondary receiver (SR). Such networks that combine the features of cooperative relaying and cognitive radio are known as cognitive relay networks (CRNs) [3] .
In CRNs, the relay nodes can operate either in halfduplex (HD) or in full-duplex (FD) mode. In half-duplex relaying (HDR), two orthogonal time or frequency channels are allotted for the relay transmission and reception. Whereas, full-duplex relaying (FDR) allows concurrent reception and retransmission using the same frequency band. Even though FDR leads to two-fold improvement in spectral efficiency, it causes self-interference (SI) because of the coupling between the relay node's transmitter and receiver circuits [4] . Recently several proposals for cancellation of SI have appeared in the literature [5, 6] . However, even with advanced SI cancellation methods, a level of residual self-interference (RSI) remains that significantly deteriorates the performance of FD systems [7] [8] [9] . In a FD-based CRN, the relay nodes in the secondary network operate in the FD mode [10] . The CRN based on FD
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would differ in performance in comparison to that of conventional HD network, due to the presence of RSI. This paper considers a cognitive FD relay (CogFDR) network in underlay mode, with a multi-hop secondary network, i.e., the secondary network comprises of a secondary transmitter (ST), a secondary receiver (SR), and N FD relay nodes connecting ST and SR. In underlay CRNs, even though the secondary users are allowed to coexist by sharing the spectrum allotted to the primary, they need to choose the transmission powers such that the interference induced at the primary receiver (PR) does not go beyond the maximum tolerable limit. This significantly affects the outage and rate performance of the secondary user in the CogFDR network. Further, the performance is affected by the amount of RSI as well, which is related to the transmission power of the relay nodes and the power gain of the corresponding channel. The major objective of this paper is to develop a model for finding the secondary users' outage probability in a multi-hop CogFDR system and to investigate transmit power optimization for improving the secondary users' rate and outage probability performance.
Related work
Extensive research has been reported in the literature on the performance evaluation and optimization of CRNs operating in half-duplex mode (i.e., CogHDR networks), e.g., [11] [12] [13] [14] [15] . The authors in [11] have considered relay selection for the secondary network in underlay CogHDR with secondary nodes selecting fixed transmit powers for their operation. The outage probability of an underlay decode-and-forward (DF) CogHDR network has been analyzed in [12] , while one-dimensional relay location optimization problem has been addressed in [13] . Optimal relay placement in the secondary network of a CogHDR network has been addressed in [14] assuming Nakagami-m fading channels, while the work in [15] has considered transmit power optimization to maximize the achievable ergodic capacity of CogHDR network. In addition to these, many authors have attempted to analyze and improve the performance of wireless networks, see, e.g., [16] [17] [18] [19] and references therein. Resource allocation is very crucial in wireless systems. The authors in [16] have considered joint optimization of computation and communication power in multi-user massive MIMO system, which improves the energy efficiency.
In [17] , the authors have studied the performance of a cooperative multi-relay system where the relays harvest energy from RF signals of the source. The authors in [18] have analyzed the performance of a dual-hop FD system with multiple relays, which provide spectral efficiency and diversity gains respectively. In [19] , the authors have proposed a virtual FD relaying scheme for a cooperative multi-path relay channel (MPRC) with multiple half-duplex relays.
Recently, the performance analysis and optimization of dual-hop CogFDR network has been carried out extensively by many researchers [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . In [20] , the authors have presented an analytical model to evaluate the outage probability of secondary user in dual-hop CogFDR network by considering a joint decoding scheme at the SR in which the signals arriving at the SR from ST and the relay are utilized together for the decoding purpose. Two-way FD relay spectrum sharing protocol for a dualhop CogFDR network has been proposed in [21] , and the outage probability of the network has been evaluated under the proposed protocol. The outage performance of both primary and secondary users in a CogFDR network has been analyzed in [22] . Optimal power allocation algorithms for amplify-and-forward (AF)-based CogFDR network has been analyzed in [23] assuming Rayleigh fading. Two relay selection schemes, i.e., partial relay selection and optimal relay selection, have been proposed in [24] , and the outage performance of CogFDR network has been carried out assuming the availability of multiple relay nodes. Joint power control and relay selection algorithms that maximize the transmission rate of the secondary network has been addressed in [25] for a dual-hop CogFDR framework. In [26] , the authors have investigated transmit power optimization problem in the context of dual-hop CogFDR network. In [27] , the authors have proposed an analytical model for evaluating the outage probability of a dual-hop CogFDR network by considering various locations for the relay node, while neglecting the impact of direct transmission link from ST to SR. In [28] , the authors have derived a closed form expression for the outage probability of an OFDM-based CRN with relay selection considering a dual-hop secondary network. In [29] , authors have considered optimal power allocation for maximizing the transmission rate in AF-based dual-hop CogFDR network.
In addition to the above papers, a few authors have analyzed the performance of multi-hop CRN as well, i.e., a CRN with multi-hop secondary network [30] [31] [32] [33] [34] [35] . In [30] , the authors have analyzed optimal power allocation that maximizes the end-to-end throughput for a CRN with multi-hop secondary network; however, RSI is ignored by assuming the intermediate relay nodes to operate in half-duplex mode. In [31, 32] , the outage probability of a DF multi-hop half-duplex secondary network with power beacon-assisted energy harvesting based is analyzed. In [33] , the authors have analyzed the end-to-end outage probability of a cluster-based multi-hop CRN. The authors of [34] have analyzed the throughput and endto-end outage performance of multi-hop CRN, where the secondary relay nodes harvest energy from PU and preceding secondary relay nodes. In [35] , the authors have analyzed the impact of channel information imperfection on the outage performance of multihop CRNs. However, all the above mentioned papers [30] [31] [32] [33] [34] [35] consider the relay nodes to use HDR while the focus of the current work is on multi-hop CogFDR networks. Even though FDR has been employed in the secondary network of CRNs [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , majority of them consider dual-hop secondary network for their analysis of outage and other performance metrics. Finding the transmit power allocation that optimizes the performance of secondary network in multi-hop CogFDR network remains as an open problem.
Major objectives and contributions
In this paper, we focus on the outage probability and instantaneous transmission rate analysis of a multi-hop CogFDR/HDR network. We develop an analytical model for finding the outage probability of the secondary user considering the effects of both RSI and inter-relay interference (IRI), i.e., interference caused by simultaneous transmissions from neighboring nodes that operate in the same frequency band. The interference generated by the primary transmitter on the secondary network is also taken into account for the analysis. We then investigate optimal power allocation for the secondary nodes that either minimizes the end-to-end outage probability or maximizes the instantaneous rate subject to two constraints: (i) constraint imposed on the secondary node's transmit power by the tolerable interference power threshold at PR and (ii) constraint on total transmit power available in the secondary network. We make an extensive study on the end-to-end rate and outage performance of the CogFDR network under optimal power allocation (OPA). For comparison, we report the results for CogHDR network as well. Numerical and simulation results establish that OPA can lead to significant improvement in end-toend rate and outage probability performance of the secondary network in CogFDR system. The analytical results are validated by simulation results.
Remainder of the paper is arranged as follows. Section 2 describes the methods used in this work. Section 3 gives a detailed description of the system model for the underlay CogFDR network. In Section 4, the derivation of the outage probabilities are given. Section 5 describes the transmit power optimization by ignoring the effect of PT, while Section 6 considers the impact of PT for OPA determination. The simulation and analytical results are discussed in Section 7. Finally, the paper is concluded in Section 8.
Methods
In this paper, we consider a multi-hop underlay cognitive relay network with N DF relays placed between the secondary transmitter and receiver. The outage probability of the secondary network is derived considering the effect of RSI, IRI, and interference from the primary network. The outage probability minimization problem is formulated as a geometric programming problem. The transmit power allocation which maximizes end-to-end rate is determined by equating the rates over each hop. Monte Carlo simulations are done to validate the analytical results.
System model
The multi-hop CogFDR network that operates in the underlay mode is shown in Fig. 1 . Here, the secondary network consists of a secondary transmitter (F 0 ), secondary 
The path loss exponent is assumed to be relatively higher for the links in the network. The path loss exponent can be very large in certain scenarios such as obstructed in-building environment.
Since the signal is attenuated significantly as the path loss exponent becomes larger, we assume that the IRI at the relay node F j consists of interference from one hop neighbor alone (i.e., from relay node F j+1 alone), i.e., the IRI components arriving at the relay F j from all the other links are assumed to be negligible as shown in Fig. 1 . Further, we assume that F j does not employ any diversity technique; thus, the signal that arrives at F j from F j+1 is treated as interference All the links in the network undergo independent non-identically distributed frequency flat Rayleigh fading. A block fading model has been assumed where fading is assumed to be constant over one block but changes independently from one block to another [36] . Furthermore, we assume that all the FD relays employ two directional antennas, solely for transmission and reception, respectively. Directional antennas isolate the transmitter and receiver circuits of each FDR node, so that the effect of loop interference can be reduced. Further, directional antennas can reduce the line-of-sight (LOS) components of SI as well [7] . As reported in many papers, e.g., [4] [5] [6] [7] [8] [9] [10] [20] [21] [22] [23] [24] [25] [26] [27] , we model the RSI channel of every relay node as a Rayleigh fading channel. Let the channel gain between relay nodes F i and F j be h i,j , i, j {0, 1, ....N + 1}, and let h j,j be the channel coefficient of the RSI channel at the relay node 
where n is the path loss exponent; D i,j is the distance between F i and F j , and G is the propagation constant [36] . The mean channel gains for the link connecting PT to a node in the secondary network is given by λ PT,j = GD −n PT,j , j = {1, 2, ...N + 1} and that for the link from secondary nodes to PR is given by λ i,PR = GD −n i,PR , i = {0, 1, ...N}, where D PT,j and D i,PR denotes the respective distances from PT to F j and from F i to PR, respectively. The mean RSI, denoted by λ j,j , j = {1, 2, ...N}, is assumed as equal for all the FD relays. Some reduction in IRI is also attained by the usage of antennas that are directional in nature, at the FDR nodes. Hence, the amount of IRI at F j from its successor node F j+1 can be assumed to be comparatively less. Accordingly, the mean IRI at F j is modeled as λ j+1,j = δGD −n j+1,j , where 0 < δ < 1 denotes the fraction of IRI reduction due to the use of directional antennas. Apart from this, we model the noise as white Gaussian noise with zero mean and variance N 0 . The received signal at relay node F j during a given time instance is given by
where n j denotes the additive white Gaussian noise at F j . In addition to this, u j−1 , u j , and u j+1 are the signals transmitted by F j−1 , F j , and F j+1 , respectively, during the specified time instance.
Derivation of outage probability of the secondary user
In this section, we derive analytical expressions for the secondary user's outage probability for the following cases: (i) by ignoring interference from PT and (ii) by considering the effect of interference from PT. We derive the outage probability expression for the CogHDR network as well.
Outage probability derivation ignoring interference from primary transmitter
In this section, we assume the PT to be located far away from the secondary network so that primary transmission does not cause any interference to the secondary network. Here, we derive the outage probability expressions for the multi-hop CogFDR and CogHDR networks.
Multi-hop CogFDR network
Define P i , i = {0, 1, ...N} as the transmission power vector for the secondary nodes of the CogFDR network in Fig. 1 . Further, let
j,FDR be the signal-to-interference plus noise ratio (SINR) at the relay node F j , j = {1, 2, ...N − 1}, which is computed as follows: 
The outage probability of a multi-hop CogFDR network with DF relaying is the probability for at least one of the links along the multi-hop path to experience outage. Assuming the fading over the links to be independent, the probability of outage is computed by,
where T is the threshold SINR required for acceptable performance over link j, j = 1, 2, ...N + 1. Let r (bits/sec/Hz) be the target data rate for communication over link j connecting nodes F j−1 and F j . Now, r and T are related as follows: T = 2 r − 1 [7] . Now, for j = 1, 2, ...N − 1, we find the probability Pr 
Since |h i,j | 2 is exponential with mean value λ i,j , X i,j is also exponential with the mean value
. The probability density function (PDF) of X i,j is given by,
Since h i,j 's are assumed to be independent random variables, the PDF of Z j can be determined as the convolution of the PDFs of X j,j and X j+1,j and is given by,
Utilizing (7) and (8), Pr
..N − 1 can be determined as follows (details given in Appendix A):
The probability Pr
N,FDR ≥ T is computed as follows:
The probability Pr (0) N+1,FDR ≥ T is computed as follows:
The end-to-end outage probability experienced by a secondary user P (0) out,FDR is calculated by substituting (9)- (11) in (5) . In the underlay mode, since the secondary network is allowed to occupy the spectrum of the primary, we need to ensure that the interference at PR caused by transmissions within the secondary network is below the tolerable threshold level. Recall that outage probability is a performance metric applicable for slow-fading conditions [36] , when the channel becomes unusable for certain fraction of time. From (9)-(11), it can be seen that the outage probability is a function of average channel gains. Thus, we assume that transmit powers of secondary source and relays are strictly limited by the average tolerable interference at PR [37] . Let I avg be the average tolerable threshold at PR. Now, P j , j = {0, 1, ...N} have to be chosen such that the following conditions are satisfied:
To satisfy the above constraints, the transmit powers for the secondary nodes are chosen as:
, j = {0, 1, ...N} (13) Selection of P j according to (13) is known as equal power allocation on average (EPA) [26] . Notice that EPA does not optimize the system performance. In Section 5, we consider OPA for minimizing the outage probability.
Multi-hop CogHDR network
We consider a CogHDR network with multi-hop secondary system consisting of N relay nodes F i , i = 1, 2, ...N, a source node F 0 and a destination node F N+1 as in the CogFDR case. However, we consider a multi-phase relaying system where N + 1 non overlapping time slots are allocated for transmission within the secondary network. As a result, the spectral efficiency is degraded significantly; however, the IRI is zero. Further, HDR networks do not suffer from RSI [7] . Accordingly, the received SNR at the relay node F j is given by,
As in the CogFDR case outlined earlier, the outage probability experienced by a secondary user is represented as follows:
where γ T is the SINR threshold for the CogHDR system. For a fair comparison, we set γ T = 2 r(N+1) − 1 assuming that each node in the secondary network of CogHDR system consumes 1 N+1 th fraction of the total resources available [7] . Since 
out,HDR is represented by the following equation
Since the relay nodes operate in HD mode, P j , j = {0, 1, ...N} have to satisfy the following constraints:
To satisfy (17) , P j , j = {0, 1, ...N} for the CogHDR network is given by,
Outage probability of secondary user under the effect of interference from the primary transmitter
In this section, we find the outage probability of the secondary network for CogFDR and CogHDR scenarios by taking into account the effect of interference from PT on the secondary network performance. Assume that PT transmits a signal x p to PR with fixed power P PT and data rate R p . The secondary nodes re-use this time resource to transmit their signals.
Multi-hop CogFDR network
With the primary interference induced on the secondary network, the instantaneous SINR at the node F j , j = {1, 2, ...N − 1} can be written as follows:
(1)
Similar to Section 4.1.1, we can rewrite (19) as follows:
where
The outage probability of the secondary network for this scenario is defined as,
Now Pr
..N − 1} are determined as follows:
Assuming independent, non-identically distributed Rayleigh fading links, (22) can be evaluated as follows (details given in Appendix B):
where m and β are defined as:
Similar to (10), Pr
N,FDR ≥ T is given by,
Similarly Pr
out,FDR is determined by substituting (23a)-(25) in (21).
Multi-hop CogHDR network
Considering the effect of interference from PT, the SINR at the relay node F j ,
(1) j,HDR is given by,
The outage probability P
out,HDR is then computed as follows (details given in Appendix C): (27) 5 Optimal power allocation (OPA) for the secondary nodes in CogFDR network ignoring primary interference
In this section, we consider optimizing the performance of CogFDR secondary network ignoring the influence of the interference from the primary network. We consider two optimization problems for the secondary network: (i) determine the OPA to minimize the end-to-end outage probability and (ii) determine the OPA to maximize the end-to-end instantaneous rate.
Outage probability minimization in multi-hop CogFDR network
Here, we determine the OPA for the secondary network which minimizes the outage probability of a CogFDR system with average interference constraint at PR. The optimization problem is formulated as follows:
Here, (28b) is the sum power constraint and (28c) represents the average interference constraint at PR, which limits the average interference caused by the nodes in the secondary network at PR. Let us define P =[P j ] , j = {0, 1, ..N}. Since minimizing P
out,FDR is equal to minimizing the function F(P) = −ln 1 − P (0) out,FDR , we can reformulate the optimization problem in (28) as follows:
The objective function in (29a) can be simplified as follows:
with β N+1,N =0, and β N+2,N+1 =0. Since we assume that directional antennas are used by the FD relays to reduce the loop interference and other degrading effects, we consider that λ j+1,j < λ j−1,j (i.e., we assume that mean power gain of the IRI link at F j (λ j+1,j ) is less than the mean power gain of the desired link at F j (λ j−1,j ) ). Similarly, the mean power gain of the RSI link is assumed to be less than the mean channel gain of the desired link at F j , i.e., λ j,j < λ j−1,j . The objective function can therefore be simplified using the approximation, ln(1 + x) ≈ x, x << 1, and the optimization problem can be re-casted as follows:
Now, (31) is in the standard form of a geometric programming problem (GPP) [38] ; a GPP in the standard form is represented as follows:
where f 0 , f 1 , ...f m are posynomials and h 1 , h 2 ...h p are monomials. From (31) , notice that the objective function is in posynomial form. The inequality constraints also have a posynomial form in the left hand side and a monomial form on the right hand side. Hence, (31) is a standard GPP which can be solved using standard convex optimization software tools [39] . Notice that average channel gains (i.e., statistical channel state information-SCSI) alone is needed for finding the OPA for problem (31) . The numerical and simulation results for the outage probability are presented in Section 7.
Instantaneous rate maximization in multi-hop CogFDR network
Here, we investigate OPA to maximize the end-to-end instantaneous rate under a sum power constraint. Under the assumption that the inputs are complex Gaussian of unit bandwidth, with the secondary nodes employing a continuous rate scheme, we express the instantaneous transmission rate of the link between F j−1 and F j as [40] ,
where (0) j,FDR (P), P = P j , j = 0, 1, ...N, is given by (2) with P N+1 = P N+2 = 0. The end-to-end instantaneous rate of the DF-based secondary network is expressed by the minimum of instantaneous rates of the N + 1 links as [40] ,
Since the instantaneous rate is a function of instantaneous channel gains, the knowledge of instantaneous channel state information (ICSI) is required for solving the rate maximization problem. Along with this, we consider a peak interference constraint for the PR. Accordingly, the rate maximization problem is defined as follows:
Here, (35c) represents the peak interference power threshold for PR.
Lemma 1 In DF relaying under a total power constraint, maximizing the minimum of rates corresponding to the N + 1 links in the system is equivalent to a condition where the instantaneous received SINRs over all the links become equal, i.e., (0)
j,FDR (P) = , ∀j = 1, 2, ...N + 1.
Proof
The maximum achievable rate R max (P) in a multihop relay network strictly increases with increase in total transmission power P of the network. Let us assume that P * j , j = {0, 1, 2, ..N} is the optimal power allocation for achieving a maximum rate of R max (P). In contradiction to this statement, consider an arbitrary hop k connecting nodes F k−1 and F k having an instantaneous rate over this link, i.e., R k satisfying R k > R max (P). Since R k is an increasing function of P k−1 ; let us slightly decrease P k−1 such that R k ≥ R max (P) is still unaffected. As P k−1 decreases, the IRI from node F k−1 to F k−2 decreases which improves the received SINR at F k−2 , which in turn increases the rate R k−2 . To compensate for the increase in R k−2 , we can slightly reduce P k−3 , which in turn increases R k−4 and so on. Therefore, with this new power allocation (i.e., with total power less than P), R k ≥ R max (P) still holds. This contradicts the original property that R max (P) is a strictly increasing function of P. This proves that the optimal rate over any given hop F j cannot be greater than R max , so the optimum power allocation corresponds to the condition for which the hop rates are equal, i.e., R k = R max (P). Since rate is given by the expression, R j (P) = log 2 (1 +
j,FDR (P)), where log 2 (x) is a monotonically increasing function of x, we can say that optimal power allocation which maximizes the minimum of rates is achieved by equating the rates, or equivalently, by equating the SINRs of all the links in the network.
To solve (35), we adopt the approach used in [40] [41] [42] . Therefore, the criteria for finding OPA which maximizes the end-to-end instantaneous rate of the secondary network, is given by,
Recall that the SINR at F N+1 is given by (3b). Notice that F N+1 does not suffer from RSI and IRI as is evident from (3b). The relay node F N does not suffer from IRI since its successor node F N+1 being the destination does not transmit. However, F N suffers from RSI and hence the SINR at F N is given by (3a). The SINR at the remaining relay nodes F j , j = 0, 1, ...N − 1 are given by (2) in Section 3 of this paper. Combining (2) and (3) with (36), we get the following set of equations for the optimal transmit power P * j,FDR in terms of (i.e., the SINR per hop indicated in (36)):
where P * N+1,FDR = 0. Thus, we can see that the optimal value of the transmission power at F j , P * j,FDR can be recursively expressed as a function of , i.e., P * j,FDR = g j ( ). Since the objective function given by (35a) is maximized when the constraints hold with equality [40] , we can write the following equations for the constraints:
Notice that (38a) and (38b) are polynomial equations of order N + 1, which needs to be solved to get . Even though it is tough to determine the closed form solutions for from the above equations, we can use efficient numerical algorithms to find the solution [43] . Let 1 and 2 respectively be the solution for obtained from (38a) and (38b). Now, (i.e., SINR corresponding to the optimal powers) is chosen as = min( 1 , 2 ). Once is known, the optimal power values P * j,FDR , j = 0, 1, ...N can be determined as follows: First of all, we find P * N,FDR using (37a). After that, we find P * j,FDR , j = 0, 1, ...N − 1 using the recursive relations given by (37c). Further, notice that the complexity involved in the calculation of optimal transmit power is equivalent to that of finding the real roots of two polynomial equations of order N + 1. Algorithm 1 illustrates the steps involved in determining the optimal transmit powers.
Three-hop CogFDR network : a case study
The end-to-end rate optimization problem for the threehop CogFDR network is expressed as follows: 
j,FDR , j = 1, 2, 3 be the SINR/SNR at the relay nodes F 1 , F 2 , and F 3 , respectively. Using the fact that the endto-end rate is maximized when the hop SINRs are equal (under total power constraint), we have,
From (41), we get the optimal power values as:
Since P * j,FDR = g j ( ), j = 0, 1, 2, we write the constraints of (39) as:
Substituting P * j,FDR , {i = 0, 1, 2} given by (42) in (43), the following pair of cubic equations are obtained: 
Let 1 and 2 be the solution corresponding to (44a) and (44b), respectively. Then is chosen as = min ( 1 , 2 ). Substituting in (42a)-(42c), we can find the optimal powers P * i,FDR , {i = 0, 1, 2}.
Optimal power allocation (OPA) for the secondary network with primary interference
In this section, we determine the OPA that either minimizes the end-to-end outage probability or maximizes the end-to-end instantaneous rate of the secondary network under the influence of interference from PT.
Outage probability minimization in multi-hop CogFDR network with primary interference
Here, we follow the approach adopted in Section 5.1. To minimize P
(1) out,FDR derived in Section 4.1.2, we consider the function F 1 (P) = −ln 1 − P (1) out,FDR . Utilizing (21) and (23a) F 1 (P) can be written as,
where m and β are defined in (23b) and (23c), respectively. The objective function F 1 (P) is not in the standard posynomial form of a GPP. We can convert the function in (45) in the standard form by using the approximation ln(1 + x) ≈ x when x is small. Here, assume that the mean channel gain of the desired signal λ j−1,j is greater than the interference link channel gains λ j,j , λ j+1,j and λ PT,j . Intuitively, β j−1,j > β, and thus, we can approximate ln 1 + T β/β j−1,j ≈ T β/β j−1,j . Therefore, we can further simplify F 1 (P) as follows:
Now, the objective function F 1 (P) is in the standard posynomial form. The optimization problem under the influence of interference from PT is given by,
Now, (47) is a standard GPP, which can be solved using Convex optimization software tools [39] .
Rate maximization in multi-hop CogFDR network with primary interference
By following the approach detailed in Section 5.2, the OPA problem for instantaneous rate maximization is formulated as follows:
As detailed in Section 5.2, for solving (48), we adopt the approach in [40] [41] [42] , where the criterion for instantaneous rate maximization is that the instantaneous SINRs over each hop must be made equal.
j,FDR , j = 1, 2, ...N + 1 is given by (19) with P N+1 = P N+2 = 0. Applying (49), the optimal powers can be determined as follows:
Notice that P * j,FDR is a function of 0 , i.e., P * j,FDR = q j ( 0 ). Thus, the constraints (48b) and (48c) can be written as follows:
The polynomial Eqs. (51a) and (51b) can be solved to find 0 . Let 01 and 02 be the solution for 0 obtained from (51a) and (51b), respectively. Then, 0 = min ( 01 , 02 ). The knowledge of 0 and ICSI will enable us to find P * j,FDR using (50).
Results and discussion
Here, we present the theoretical and simulation results for the outage and rate performance of multi-hop CogFDR/HDR networks considering the proposed OPA and the conventional EPA strategies. We consider a threehop secondary network where the secondary nodes F j , j = 0, 1, 2, 3 are assumed to be located on a straight line at (−1.5,0), (− 0.5,0), (0.5,0), and (1.5,0), respectively. The positions of PT and PR are assumed to be at (−1.5,1) and (− 0.5,1), respectively. The RSI at the secondary relays are assumed as equal to − 40 dB (unless otherwise specified). We select the path loss exponent (n) to be equal to four for all the links in the network. The channel gains are defined as λ i,j = GD analytical plots are identified by lines and simulation plots by markers. We consider the EPA scheme as well, for which the transmit powers P j , j = 1, 2, ...N corresponding to the secondary nodes in CogFDR network are set as given by (13) . Figure 2 depicts the outage probability comparison of a three-hop CogFDR and CogHDR network under EPA against P/N 0 which is the ratio of total transmit power-tonoise power. Here, we consider distinct values for I avg /N 0 , the ratio of tolerable average interference-to-noise power ratio. In the low transmit power region, CogFDR performs better than CogHDR networks because the target data rate requirement for CogHDR is higher than that of CogFDR. However, as P/N 0 increases, CogHDR networks show improved performance as compared to CogFDR networks due to the fact that higher transmit power increases the RSI and IRI in the case of FDR networks. Both CogHDR and CogFDR networks suffer from an outage floor behavior at high transmit powers, as seen in Fig. 2 . In the case of CogHDR and CogFDR networks, the outage floor occurs owing to the fact that the transmit power depends on the tolerable interference threshold at the PR and the total transmit power according to (13) . As a result, for a given I avg , if we continue to increase the transmit power, proportional change in outage will not be observed. Apart from this, CogFDR networks suffer from degradation in outage performance at higher transmit powers due to the presence of RSI and IRI. Due to this, the outage floor in CogFDR networks occur for comparatively lower values of P/N 0 as can be seen in Fig. 2 . When the tolerable interference power (I avg ) at the PR increases, it is observed that the outage decreases because the nodes can transmit at higher power; however, the rate of decrease is very small due to the proportional increase in RSI and IRI. Figure 3 presents the impact of RSI on outage probability of CogFDR network under EPA. Here, we assume the mean RSI power at the secondary nodes F 0 , F 1 , and F 2 to be equal and denote it as λ rr . When RSI decreases, the outage probability of CogFDR network decreases. With P/N 0 = 20 dB, the outage probability reduces by almost 74% when the RSI decreases from −5 dB to −35 dB. In other words, the range of transmit power values over which the outage probability of CogFDR network is lower than that of CogHDR network, decreases as RSI becomes higher. Figure 4 plots outage probability versus I avg /N 0 , for n values of P/N 0 . When P/N 0 = 15 dB, CogFDR outperforms CogHDR for all values of I avg /N 0 considered. How ever, when P/N 0 is increased to 25 dB, CogFDR outage probability is higher than that of CogHDR network due to the severe effects of RSI and IRI in the high transmit power region. Figures 5, 6 , 7, and 8 show the outage probability performance of CogFDR networks under OPA and EPA. In Fig. 5 , the outage probability is drawn against P/N 0 . From the graph, it is clear that OPA leads to improvement in the outage performance of CogFDR networks in comparison to that of EPA. In the high transmit power region, CogHDR network continues to show better performance than CogFDR-OPA. In Fig. 5 , we can observe that the range over which CogFDR-OPA performs better than CogHDR-EPA is increased by 5 dB, in the high transmit power region, as compared to CogFDR-EPA.
With P/N 0 = 25 dB, OPA reduces the outage probability of CogFDR system by almost 50% as compared to EPA. For CogFDR, the OPA distributes the available transmit power among the secondary nodes of the CogFDR network such that the effects of RSI and IRI are reduced. Even though the outage floor still exists in the high transmit power region, the benefit of OPA is that the value of P/N 0 at which the floor occurs is extended, as can be seen in Fig. 5 . The results in Fig. 6 show that the range of P/N 0 values over which CogFDR performs better than CogHDR improves when the mean RSI power is reduced. Figure 7 depicts the outage probability comparison plots with respect to target rate variations. With increasing target rate, the outage performance is badly affected, since the SINR threshold is also increased. However, OPA leads to performance improvement in outage. At P/N 0 = 20 dB, the performance improvement in outage of CogFDR system is 21.6% as compared to the equivalent EPA case. Table 1 shows the OPA vector, i.e., P * j,FDR /N 0 , j = 0, 1, 2, the normalized transmit powers, for two distinct values of P/N 0 under δ = −3 dB, −5 dB, and −7 dB, respectively. Here, δ represents the level of isolation provided by the directional antennas, for reducing the effect of IRI. Notice that for EPA scheme, the total available transmit power is divided equally among the nodes. The OPA for the CogFDR network is such that the power is allocated in the descending order for nodes F 0 , F 1 , and F 2 . Since F 3 is the destination node, it does not transmit and does not have RSI either. So the transmit power for F 2 is comparatively lower. However, F 2 suffers from RSI and contributes to IRI for F 1 , which is taken care by allocating more power to F 1 . Due to this, the RSI at F 1 increases, the effect of which is compensated by allocating higher power to F 0 . This is clearly depicted in Table 1 . As the IRI channel gain is reduced by δ=−7 dB, the interference caused by R 2 on R 1 is reduced. Hence, P * 2,FDR /N 0 can be increased in order to improve the SINR of R 2 − R 3 link causing a small interference effect at R 1 . This small increase in interference at R 1 is compensated by slightly increasing the power P * 1,FDR /N 0 as well. Figure 8 shows the outage probabilities of CogFDR network under EPA and OPA versus the number of relays. The RSI level at all the nodes has been assumed as equal to −40 dB. The separation between F 0 and F N+1 is assumed to be constant. Accordingly, the number of hops significantly affects the outage performance of the secondary network. Initially for CogFDR, when N increases, the outage decreases owing to the reduced link distance. However, when N becomes larger, each node introduce additional RSI and IRI into the system so that the outage performance degradation happens. Notice that with increase in number of relays, the outage probability decreases monotonically in CogHDR due to reduced path loss between relay links. Further CogFDR-OPA outperforms CogFDR-EPA. Figure 9 shows the maximum instantaneous end-to-end rate for the three-hop secondary network of CogFDR system under EPA/OPA schemes. Here, we choose the EPA powers for CogHDR and CogFDR as follows:
The results show that OPA improves the instantaneous end-to-end rate of FDR system. When P/N 0 = 30 dB, the improvement in instantaneous rate is found to be 135% as compared to EPA. Further, it can be seen that, when P/N 0 is lower, instantaneous rate increases; however, for larger P/N 0 , the rate is found to be almost saturating. For CogHDR and CogFDR-EPA, this saturation behavior is due to the transmit power limitation imposed by the condition given in (52) and (53) respectively. As the normalized transmit power P/N 0 becomes very large, the instantaneous transmit power becomes a function of Ith, which is fixed as a constant. Hence, the rate is no longer a function of P, and therefore, saturation occurs. For CogFDR-EPA system, saturation happens for lower P/N 0 as compared to CogHDR-EPA, due to the presence of RSI and IRI in the FDR system. In the case of CogFDR-OPA, the optimal distribution of transmit power among the nodes leads to significant improvement in the date rate. To determine the instantaneous rate corresponding to OPA/EPA, the following channel coefficient matrix has been assumed. is obtained by generating exponential random variables of a given mean value, which depends on the distance D i,j and path loss exponent n (assumed to be equal to 4). Further, the channel coefficients for the secondary network to PR links have been assumed as,
where the elements denote h j,PR 2 , j = {0, 1, 2}, which are also generated from exponential random variables. The OPA vector and the corresponding instantaneous rate have been determined by following the method described in Section 5.2. Figure 10 presents the plot for end-to-end instantaneous rate versus I th /N 0 when P/N 0 = 25 dB. It can be seen from the graph that OPA improves the instantaneous rate of CogFDR network as compared to EPA. Further, we can observe that saturation behavior happens when I th /N 0 is larger. This is because, when I th /N 0 is larger, the instantaneous transmit power is no longer a function of I th , rather it depends on P as can be seen in (53). Since P is set as a constant, the rate also remains as a constant in this region.
In the next set of figures, we consider the effect of primary interference on the secondary network. Figures 11, 12 and 13 show the outage probability results under the influence of primary interference. The results establish that the outage probability increases in the presence of PT. In CogFDR/HDR networks, the outage floor which is seen to occur in the high transmit power region, happens for lower values of P/N 0 when the effect of PT is considered. Further, the results show that the outage probability increases by 46% for P/N 0 = 20 dB and P PT /N 0 = 10 dB. Figure 13 shows the impact of y-coordinate location of PT and PR on outage of secondary network. Notice that the outage probability decreases by 40% as the PT − PR pair moves from y PT = y PR = 1 to y PT = y PR = 3. Figures 14 and 15 show the end-to-end instantaneous rate taking the interference from PT into consideration. The instantaneous value of channel gain from PT to the secondary nodes F 1 , F 2 , and F 3 is given as follows: 
where the elements denote |h PT,j | 2 , j = {1, 2, 3}, which are also generated from exponential random variables. Figure 14 shows the comparison of optimal end-to-end instantaneous rate of CogFDR against that of CogHDR and CogFDR-EPA. The end-to-end rate outperforms all the other cases, under OPA. Figure 15 shows that the endto-end rate obtained under the effect of PT is 14% less than that obtained without PT (at P/N 0 = 20 dB and P PT /N 0 = 10 dB).
Overall, the results demonstrate that transmit power optimization can cause notable enhancement in the instantaneous rate and outage probability performance of CogFDR systems with respect to CogFDR-EPA and CogHDR systems. However, the interference from PT reduces the instantaneous rate and increases the outage probability, and the proposed OPA scheme ensures that even under the effect of interference from PT, we obtain good outage and rate performance. The power allocation schemes can be implemented in a centralized manner. The secondary nodes must have the ICSI/SCSI of the secondary transmission links, the links from PT to F j and the links from F j to PR. The ICSI can be obtained with the help of ICSI feedback or pilot-aided channel estimation. Each node, after learning the channel to every other node, have to communicate the acquired information to the centralized controller, which has to run the algorithm and compute the OPA vector and distribute the power values among the nodes.
Conclusion
In this work, we have developed analytical models for finding the outage probability of the secondary user in an underlay multi-hop cognitive FDR system considering the impact of residual self-interference (RSI) due to full-duplex operation, inter-relay interference (IRI) arising due to frequency re-use, and interference induced by primary transmitter on the secondary nodes. To improve the outage probability and the end-to-end rate performance of the secondary user, optimal selection of powers for the secondary nodes were considered. We formulated an optimization problem in order to determine the optimal power allocation vector for the secondary nodes that
